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Abstract. We consider the general question of how the homological finiteness property left-FP„ 
(resp. right-FP„) holding in a monoid influences, and conversely depends on, the property holding in 
the substructures of that monoid. This is done by giving methods for constructing free resolutions of 
substructures from free resolutions of their containing monoids, and vice versa. In particular we show 
that left-FPn is inherited by the maximal subgroups in a completely simple minimal ideal, in the case 
that the minimal ideal has finitely many left ideals. For completely simple semigroups we prove the 
converse, and as a corollary show that a completely simple semigroup is of type left- and right-FPn 
if and only if it has finitely many left and right ideals and all of its maximal subgroups are of type 
FP„. Also, given an ideal of a monoid, we show that if the ideal has a two-sided identity element 
then the containing monoid is of type left-FP„ if and only if the ideal is of type left-FP„ . Applying 
this result we obtain necessary and sufficient conditions for a Clifford monoid (and more generally a 
strong semilattice of monoids) to be of type left-FP„. Examples are provided showing that for each 
of the results all of the hypotheses are necessary. 

1. Introduction 

Let 5 be a monoid and IjS be the monoid ring over the integers Z. For n > the monoid S is of 
type left-FPn if there is a resolution 

An An-1 >Ai^Aa^Z^O 

of the trivial left Z5'-module Z such that Ao,Ai,... , A„ are finitely generated free left ZS'-modules. 
Monoids of type right-FPn are defined dually, working with right ZS'-modules. 

The property FP„ was introduced for groups by Bieri in [7] and since then has received a great 
deal of attention in the literature; see [6j [H [TOj [131 132] • One natural line of investigation has been the 
study of the closure properties of FP„. Examples include results about the behaviour of FP„ under 
taking: finite index subgroups or extensions, direct (and semidirect) products, wreath products, HNN 
extensions, amalgamated free products, and quasi-isometry invariance; see pi 151 171 \ST\. 

In monoid and semigroup theory the property FP„ arises naturally in the study of string rewriting 
systems (i.e. semigroup presentations). The history of rewriting systems in monoids and groups is long 
and distinguished, and has its roots in fundamental work of Dehn and Thue. The main focus of this 
research has been on so-called complete rewriting systems (also called convergent rewriting systems) and 
in algorithms for computing normal forms. A finite complete rewriting system is a finite presentation for 
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a monoid of a particular form (both confluent and Noetherian) which in particular gives a solution of the 
word problem for the monoid; see ^ for more details. Therefore it is of considerable interest to develop 
an understanding of which monoids are presentable by such rewriting systems. Many important classes 
of groups are known to be presentable by finite complete rewriting systems, including Coxeter groups, 
surface groups, and many closed three-manifold groups. Rewriting systems continue to receive a lot of 
attention in the literature; see [151 [161 [ITj [23 , 25, 30, 45 . The connection between complete rewriting 
systems and homological finiteness properties is given by a result of Anick [3] (see also [H]) which 
shows that a monoid that admits such a presentation must be of type left- and right-FPoo (meaning 
type FP„ for all n) . More background on the importance the property FP„ (and other related finiteness 
conditions) in semigroup theory, and the connections with the theory of string rewriting systems may 
be found in the survey articles [20l [42] . 

For groups the properties left- and right-FP„ are equivalent, so we simply speak of groups of type 
FP„. However, for monoids in general the two notions are independent. Indeed, in [TH] Cohen gives an 
example of a monoid, related to the Thompson group, that is right-FPoo but not even left-FPi. Several 
other related homological finiteness properties for monoids have been defined, which are all equivalent 
to FP„ when applied to groups, but are different for monoids in general. A central theme of recent 
research in this area has been to investigate how these various properties relate to one another; see for 
example [THl [H 133 [Ml [33 il il ■ 

On the other hand, in contrast to the situation in group theory, far less attention has been paid 
to the closure properties of homological finiteness conditions in semigroup and monoid theory, with 
only a handful of results of this kind having appeared in the literature. For monoid constructions that 
are direct generalisations of group constructions, perhaps unsurprisingly, some results generalise in a 
straightforward way from groups to monoids. For example, as observed in [5S], the direct product 
M X of two monoids is of type left-FP„ if and only if each of M and A^ is (this may be proved just 
as for groups using Kiinneth theory). Also generalising from groups, it was shown in [33] that left-FP„ 
is inherited under taking retracts of monoids (which is known to be true for groups more generally for 
quasi-retracts 0). However, the study of constructions specific to, and important in, semigroup theory 
has not yet received serious attention in the literature. 

In recent work [351 [3Sj Kobayashi considered the behaviour of left- and right-FP„ for some basic 
fundamental semigroup-theoretic constructions including left and right zero semigroups (and more gen- 
erally left and right groups), semilattices, and the process of adjoining a zero element to a monoid. 
He then used these observations to give examples of monoids that clarify the relationship between the 
properties left-FPi, right-FPi, bi-FPi, and finite generation (see Section [6] for more on this). The 
results we obtain here will shed more light on (and in some cases significantly extend) some of the 
results obtained by Kobayashi in [311 [31] • The importance of understanding the closure properties of 
FP„ is highlighted further still by the work [33] where a monoid is constructed from two groups, it 
is shown how the homological finiteness properties of the monoid relate to those of the groups, and 
then combined with [6] this is used to give a counterexample to an open question about homological 
finiteness properties of string rewriting systems. 

In this paper we shall consider the general question of how the property left-FP„ holding in a monoid 
influences, and conversely depends on, the property holding in the substructures of that monoid. We 
are particularly interested in relating the property holding in the monoid to the property holding in the 
subgroups of the monoid, since such results act as a bridge between the homology theory of groups and 
that of semigroups and monoids. The results we present here complement analogous results regarding 
cohomology obtained in [H [31] . 

The paper is structured as follows. After giving some preliminaries in Section [21 we begin our 
investigation in Section [31 by considering ideals, showing that if T is an ideal of a monoid S, and if T 
has a two-sided identity element, then S is of type left-FP„ if and only if T is (see Theorem [3]). This 
result is reasonably straightforward to prove. In one direction it generalises the recent observation of 
Kobayashi [35] that a monoid with a two-sided zero element is of type left- and right-FPoo . The result 
does not extend to ideals in general; see Example [1] in Section [5] Applying this result we show (in 
Theorem [H]) that a Clifford monoid S, in the sense of [T3], is of type left-FP„ if and only if it has a 
minimal idempotent e and the maximal subgroup that contains e is of type FP„ (for any undefined 
concepts we refer the reader to Section [2]). 
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Results relating properties of monoids with those of their subgroups are known to hold for several 
other important finiteness conditions including being: finitely generated, finitely presented, having finite 
derivation type, and being residually finite (see [231 [211 [SO] ) ■ In particular for each of these properties 
it is known that if 5 is a (von Neumann) regular monoid with finitely many idempotents then S has 
the property if and only if all of its maximal subgroups have the property. In [501 Remark and Open 
Problem 4.5] the author posed as an open problem the question of whether the corresponding result 
holds for the property left-FP„. The results mentioned in the previous paragraph answer this question 
with a resounding no, since, for instance, whether a Clifford monoid is of type left-FP„ depends only 
on one of its maximal subgroups (namely the minimal one), and the other maximal subgroups can 
have any properties that one desires. This leaves the general question of to what extent the property 
left-FP„ holding in a monoid relates to the property holding in the maximal subgroups of that monoid. 
As we shall see, it is straightforward to show (see Theorem [2]) that the property left-FP„ is inherited 
by maximal subgroups contained in a completely simple minimal ideal, in the case that the ideal has 
finitely many left ideals. Without the finiteness assumption on left ideals the result no longer holds 
(see Example [H in Section [7]). In Sections [H and [5] we consider the more difficult converse problem, and 
present results that show how the property left-FP„ holding in a completely simple semigroup relates 
to the property holding in its maximal subgroups (see Theorem |4l Corollary [1] and Theorem [5]) . In 
particular we show that a completely simple semigroup is of type left- and right-FP„ if and only if it 
has finitely many left and right ideals and all of its maximal subgroups are of type FP„. 

In Section [5] using recent results of Kobayashi j3S] we go on to analyse left-FPi in more detail 
and, extending [35,, Corollary 2.7], we give necessary and sufficient conditions for a completely simple 
semigroup to be of type left-FPi (see Theorem [T]). As an application we deduce that a monoid with 
finitely many left and right ideals is of type left-FPi if and only if the maximal subgroups contained in its 
(unique) minimal ideal are all finitely generated. In Section [7] we give examples showing the hypotheses 
of our main results are necessary, and present some further applications. Finally, in Section |S] we discuss 
some other related homological finiteness properties, including having finite cohomological dimension, 
and explain how one may construct counterexamples to several other open problems posed in [49] and 
[50] regarding these properties. 

2. Preliminaries 

Free resolutions and the finiteness property FP„. Let us begin by recalling some basic definitions 
from homology theory that we need; for more details we refer the reader to [31 . 

Let S* be a monoid and let ZS* be the integral monoid ring of S. We have the standard augmentation 

es:1S ^Z, s^l (s e S) 

and therefore we can regard Z as a trivial left ZS*- module with the Z5-action via e^: 

X-z^€s{X)z {Xel^S, zeZ). 

A free resolution of the trivial left Z5- module Z is a sequence ^0,^1,^2,... of free left ZS'- modules 
and homomorphisms 9o : — > Z and di : Ai — > Ai^i, for n > 1, such that the sequence 

yA2%Ai%Ao%Z-,0 

is exact (i.e. im9„+i = kcr9„ for n > 0, and do{Ao) = Z). We shall often refer to such a resolution 
simply as a free left resolution of S. A monoid S is said to be of type left-FP„ if there is a partial free 
resolution of the trivial left Z5-module Z: 

An An-1 ^ >Ai-^Ao^Z^O 

where Aq, Ai, . . . , An are all finitely generated. Dually we can regard Z as a right Z5- module via eg, and 
analogously define free right resolutions, and monoids of type right-FP„. For a semigroup S without 
a two-sided identity the ring ZS does not have an identity and the above definition is no longer valid. 
Thus to extend the notion of FP„ to arbitrary semigroups we utilise the standard device of adjoining 
an identity element. That is, given a semigroup S we use 5*^ to denote the semigroup S — SU {1} with 
an identity element 1 adjoined with 1 ^ S and where we define si = Is = s for all s G S*. Then for a 
semigroup S without a two-sided identity element we say that S is of type left-FP„ if the monoid is 
of type left-FP„. 
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There are several important differences when working with ZS'-modules, where S' is a monoid, com- 
pared to working with ZG-modules, with G a group. Two of the most important differences are the 
following. 

• For a group G, any left ZG-module can be regarded as a right ZG-module, and conversely, by defining 
ug = g~^u for any g ^ G and u in the module. Moreover applying this operation to a free left resolution 
of Z yields a free right resolution of Z and hence (as mentioned in the introduction) for groups left-FP„ 
and right-FP„ are equivalent, and we simply speak of property FP„ when working with groups. More 
generally left- and right-FP„ coincide for inverse semigroups (see |38j for more on inverse semigroups). 
However, as observed in the introduction, the same is far from being true for arbitrary monoids; see 

m- 

• If G is a group and H \s a. subgroup of G then ZG, regarded as a left module over ZiJ, is free with 
rank equal to the index of H in G. This fact is fundamental for the proof that FP„ is preserved under 
taking finite index subgroups or extensions (see Proposition 5.1]). In contrast, given a monoid S 
and subsemigroup T, where T has with a two-sided identity element, then ZS* regarded as a left module 
over Zr will not in general be free. 

These two fundamental differences are the main reason for the fairly intricate arguments needed to 
establish some of the results below. 

We shall make repeated use of the following consequence of the generalised Schanuel Lemma; see [TTl 
pl93]. 

Lemma 1. Let S be a monoid. For n > if 

is a partial free resolution of the trivial left 1,3 -module Z, with Aq, . . . , An-i finitely generated free left 
TjS -modules, then S is of type left-FPn if o,nd only i/ker9„_i is finitely generated. 

One consequence of Lemma [T] is that if a monoid S is of type left-FP„ then there is a partial free 
resolution: 

^ .,.%A,%Ao^Z~^0 

of the trivial left ZS'-module Z where — and Oq — es is the standard augmentation. 

Throughout, given a subset X of a left ZS'-module A, where S" is a monoid, we use {X)zs to denote 
the left ZS'-module generated by the set X. Unless otherwise stated, we work with left modules and 
property left-FP„ throughout. 

Green's relations and completely simple semigroups. We now outline some of the basic concepts 
from semigroup theory that we shall need; for more details we refer the reader to [331 113 • Green's 
relations were first introduced in [5H] and have ever since played a fundamental role in the structure 
theory of semigroups. For elements x and ?/ of a semigroup S we write x^y if x and y generate the 
same principal right ideal, x^y if they generate the same principal left ideal, and let J^f denote the 
intersection of ^ and .5f . In other words, ioi x,y G S 

xMy ^ xS^ =yS'^, x.^y ^ S^x = S^y, x^y <^ x.Sfy A x^y. 

Each of these relations is an equivalence relation on S which we call the and ^-classes of the 

semigroup, respectively. A semigroup S is said to be (von Neumann) regular if for every x € S there 
exists y € S such that xyx = x. A semigroup is regular if and only if every ^-class (equivalently every 
.2'-class) contains at least one idempotent. 

We use E{S) to denote the set of idempotents of a semigroup S. Let e be an idempotent in a 
semigroup S. Then eSe is the largest submonoid of S (with respect to inclusion) whose identity 
element is e. The group of units Ge of eSe (i.e. the members of eSe that have two-sided inverses in 
eSe) is the largest subgroup of S (with respect to inclusion) with identity e, and is called the maximal 
subgroup of S containing e. If an ^-class H contains an idempotent then is a maximal subgroup 
of S, and conversely every maximal subgroup of S arises in this way. From the definitions it is easily 
seen that the .^-classes (resp. ^-classes) are in one-one correspondence with principal right (resp. left) 
ideals of the semigroup. 
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Of particular importance are those semigroups that have no proper two-sided ideals. A semigroup is 
called simple if it has no proper two-sided ideals, and is called completely simple if it is simple and has 
minimal left and right ideals. It is not hard to see that if a semigroup S has a minimal ideal K then 
i^T is a simple semigroup, which is sometimes referred to as the kernel of the semigroup. A right zero 
semigroup is a semigroup U such that xy = y for all x,y GU (dually one defines left zero semigroup), 
and a right (resp. left) group is a direct product of a group and a right (resp. left) zero semigroup. 
A right (resp. left) group is precisely a completely simple semigroup with a single ^-class (resp. J^f- 
class). A rectangular band is a direct product of a left zero semigroup and a right zero semigroup. Free 
resolutions for completely simple semigroups will be considered in detail in Sections S] and [5j 

3. Resolutions for Subsemigroups 

In this section we make some general observations about the relationship between the property left- 
FP„ holding in a monoid and the same property holding in certain subsemigroups of the monoid. We 
shall see that if M is an ideal of a monoid S, and M has a two-sided identity element, then passing 
from free resolutions of S to free resolutions of M is straightforward. In particular, we shall prove the 
following result. 

Theorem 1. Let S be a monoid, let R be a right ideal of S and suppose that R = AI x B where M is 
a monoid and B is a right zero semigroup. If S is of type left-FPn o,nd B is finite then M is of type 
left-FFn. 

Once established. Theorem [T] can then be applied both to maximal subgroups in minimal ideals 
(Theorem [5]) and to ideals with identity (Theorem ^ . Before proving Theorem [T] we first need some 
basic lemmas. 

Let 5 be a monoid and let M be a subsemigroup of S such that M has a two-sided identity element 
e £ M. If A is a left ZS'-module then e ■ A = eA is a left ZM-module with 

eai + ea2 — e(ai -|- 02) (ai, 02 £ A), A(ea) = e(Aa) e eA {a £ A, X £ ZA/). 

There is then an obvious functor $ from the category of left ZS-modules to the category of left ZA/- 
modules defined as follows. For a left Z5-module A we define ^{A) — eA, and for a left ZS'-module 
homomorphism 6 : A2 ^ Ai we let 

^{9) : eA2 eAi 

be the restriction of 9 to eA2- This is well defined since for all 02 £ A2 we have 6{ea2) = e6{a2) £ eAi. 
It is not hard to see that the functor $ is exact, so we omit the proof. 

Lemma 2. The functor <I> is exact i.e. if 

A2%A,% Ao 
is an exact sequence of left ZS -modules then 

HAi) mo) 

is an exact sequence of left ZM -modules. 

For a general subsemigroup M, with a two-sided identity element, of a semigroup S the functor $ 
will not map free left ZS'-modules to free left ZAf-modules. We now show that when S and M satisfy 
the conditions given in the statement of Theorem [TJ then freeness is preserved. 

Lemma 3. Let R = N x B where N is a monoid and B is a right zero semigroup. Fix y £ B and let 
M = {(71, y) : n £ N}. Then, viewed as a left ZM-module, Zi? is free with basis F — {(1, b) : b £ B}. 

Proof. Clearly each r £ R can be written uniquely in the form r = mf where m £ M and f £ F. 
It follows that each a £ Zi? can be written uniquely in the form a = X^/s-F ^ff where A/ £ ZM for 
f £ F. This proves the lemma. □ 

Lemma 4. Let S be a monoid with a right ideal R such that R ^ N x B where N is a monoid and B 
is a right zero semigroup. Fix y £ B and let M = {{n,y) : n £ TV}. Then M is a subsemigroup of S 
with a two-sided identity e = (l,y), and if A is a free left ZS-module of rank r then $(A) = eA is a 
free left IjM -module of rank r\B\. 
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Proof. Let A — Q^^x "^Sx be a free left ZS*- module with basis X, where X is a non-empty set with 
|X| = r. It follows from the hypotheses that eS ~ R and therefore eA — ®,j.^x "^R^ which is a free 
left ZM-module with basis 

F-X^{f-x:feF,xeX} 

by Lemma [21 where F — {(1,&) : h E B}. Therefore eA is a free left ZAf- module of rank = 
r\B\. □ 

Proof of Theorem]^ Suppose S is of type left-FP„ and that B is finite. Let 

A-.An"^ An-1 ^ ■■■%Ai%Ao%Z^O 

be a partial free left resolution for S where Ai is a finitely generated free left Z5'-module for i = 0, . . . , n. 
It then follows from Lemmas [2] and |4] that 

B:B„Hb„^,^---^B,^Bo^Z^O 

is a partial free left resolution for M where Bi = eAi is a finitely generated left ZA/-module and ijji is 
the restriction of Ai to Bi, for z = 0, . . . , n. Therefore M is of type left-FP„. □ 

We can apply Theorem [1] to obtain the following. 

Theorem 2. Let S be a monoid and let H be a maximal subgroup of S contained in a completely simple 
minimal ideal U of S. If S is of type /e/t-FP„ and U has finitely many left ideals then H is of type FP„. 

Proof. Let e G be the identity of H, let R — eS and set F — E(S) n R. Since J7 is a minimal ideal 
and is completely simple it follows that R is an ^-class of U which by the Rees theorem [331 Section 3.2] 
implies that R = H x F. But is a monoid and F, which is a set of .^-related idempotents, is a right 
zero semigroup. Now the result follows by applying Theorem [1] □ 

The converse of Theorem [2] does not hold. Indeed, if L is an infinite left zero semigroup, then S = 
has finitely many left ideals and all of its maximal subgroups are trivial (and so are of type left- and 
right-FPoo) but S itself is not of type left-FPi by Theorem [3 below. The same example shows that the 
converse of Theorem [T] is also not true in general. 

Theorem [2] may, in particular, be applied to completely simple semigroups with finitely many left 
ideals. Necessary and sufficient conditions for such a semigroup to be of type left-FP„ will be given in 
Theorem 01 below. 

The assumption that B is finite is necessary for Theorem [1] to hold (correspondingly the assumption 
that U has finitely many left ideals is necessary for Theorem|5]); see Examplej^lin Section [71 below. When 
B is a singleton, M is an ideal with a two-sided identity, and in this case the converse of Theorem [H 
does hold, as we now demonstrate. 

Theorem 3. Let S be a monoid, let T be an ideal of S and suppose that T has a two-sided identity 
element. Then S is of type left-FPn if and only if T is of type left-FPn ■ 

Proof. Applying Theorem [1] in the case \B\ = 1 proves that if S is of type left-FP„ then so is T. 
(Alternatively, this direction follows from Theorem 3], since T is a retract of S.) 

For the converse, suppose that T is of type left-FP„. By Lemma [H this means that there is a partial 
free resolution 

A:A^^ ^...%A,%Ao Z ^ 

of the trivial left ZT-module Z where Aq — ZT, do — ex is the standard augmentation, keri9i = {Xi)zT 
with Xi C Ai and Xi finite for all < i < n — 1 where 

^,= ZT[x], 

for 1 < z < n, and di : Ai ~> Ai^i is the left ZT-module homomorphism extending [x] n> x for x G Xi^i. 
Using A, we now construct a partial free resolution for S. Let e G T be the two-sided identity of T. 
Define: 

B:B^% B„_i ^ ...%B^%Bo Z ^ 
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where Bq — ZS and for 1 < i < n: 

B,= ^^[a;] ©^^[e], 

j = i-l,...,0 

and where, viewing Ai as a subset of Bi under the obvious inclusion arising from ZT C ZS*, the map 
9- : Bi — ^ -B,:-i is given by 







if a; G X^-i 






(l-e)H 


if a; e Xj {j = 


= ^-2,^-4,...) 






if a; e Xj {j = 


= i - 3,i - 5, . . .), 




'e[e] 


if i is even 




dm = < 


(1-e) 


if i = 1 






.(l-e)[e] 


if i ^ 1 and i 


is odd. 



Claim 1. Let Ya = XqU {(1 - e)} and for all 1 < fc < n - 1 let 

Yk=Xk U {(l-e)[x]:xeX,, t = k-l,k-3,...} 
U {e[a;] : a; G Xi, j = fc - 2, fc - 4, . . .} U Z 

where 

^ I e[e] if fc is odd 

1 (1 — e)[e] if fc is even. 

Then Yfc is a subset of kerc?^ and {Yk)zs — ker9^, for all < fc < n — 1. 



Proof of Claim 1. We shall consider only the case that fc is odd. The case fc even, and in particular the 
case fc = 0, may be dealt with using a similar argument. 

To see that Yfc C ker9^ first note that Xk C 'kexdk ^ kerc}[. under the natural inclusion Ak Q Bk 
arising from ZT C Z5. Also 

(9^((1 - e)[a;]) = (1 - e)a; = a; - a; = 

for all X 6 since 

Xu-i C kerSfe-i C Ak-i = ZT[a;] (1) 

and e is a two-sided identity for T (when fc = 1, Xk-i = ^ and we also have (1 — e)x = for 
all X G It is then easily checked that the remaining members of Yfc all belong to ker9^. 

We are left with the task of proving (Yfe)zs — ker9^. To this end, let a e ker9^ be arbitrary, say 

a = ^ \x[x\+ Xe [e] 

i^k-l,...,0 

where Ae 6 ZS* and each G ZS*. Since a G ker9^ and fc is odd we have 

O^d'kia)^ ^-e[a:]+ ^ A,(l - e)[a:] + Ae(l - e)[e]. 

i = A:-3,fe-5,... i = fc-2,fc~4,... 

(When fc = 1 the last term in the above expression will simply be Ae(l — e).) Along with ((!]), consider- 
ation of the coefficients of this equation gives 

Aj,e = for x G X;, i = fc — 3, fc — 5, . . . 
A2;(l-e) = for a; G Xi, i = fc - 4, fc - 6, . . . 
Ae(l-e) = 0. 
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Therefore: 

Xx[x] + \e[e] = K[x]+ Y K[x]+Xe[e] 

i=fc-3,fc-4,... i = fc~3,fc--5,... i = k~4,k-G,. .. 



Aa,(l - e)[x\ + ^ Ke-[x\ + \ec[e] 



i = k-3,k-6,.. . i = fc-4,fc-6,... 

xex^ xex^ 

e (yfc)zs, 

by inspection of Y^. In other words a — ai E {Yk)zs where 

ai = Y ^x[x]+ Y >^x[x] ekcrd'k, 

and 

o = aUai)= ^ A,a:+ Y ^-(i-^ON- (2) 

(When k — 1 equation ^ wiU actually be = J^xeXo ~^ ^<^^^ ~ '^^ich implies Ag G ZT, and 
then the rest of the argument follows the same lines as below.) Since T is an ideal and Xk-i C Ak-i, 
it follows that J2x£X € Ak^i which by equation ^ implies Aa;(l — e) G ZT for all x E Xk-2- 

But clearly this is only possible if A^: G ZT for all x G Xk-2- Therefore: 

Xx[x] = Y ^x'^i^] ^ {Yk)zs, 

and this implies ai — 0,2 £ {Yk)zs where 

a2= Yj '^^N ^ ker9^. 

xGXk-i 

Now 

Y >^x[x]~ Y ^xe[x]= Y ^^(1 -e)N e (Ifc)zs. 
xeXk-i xeXk-i xGXk-i 

But since a2 G ker d'j, and e is a left identity for T it follows that 

Y Aa;e[x] G kerSfe = {Xk)zT Q {Ykji^s, 
xeXk-i 

and thus a2 G {Yk)zs- Combined with the previous observations above we conclude that a — {a — 
ai) + (ai — 02) + a2 belongs to {Yk)zSi completing the proof of the claim. □ 

Returning to the proof of Theorem [3l by definition each Bk is a finitely generated free left ZS- 
module and for 1 < k < n the mapping 9^ : Bk B^-i is a left ZS'-module homomorphism. From the 
definitions it is easily seen that Yfe is a subset of imi9^_|_j^ and that im9^^j^ C {Yk)zs- Combined with 
Claim 1, this shows that B is exact, completing the proof of the theorem. □ 

Kobayashi j36| recently observed that a monoid with a two-sided zero element is of type left- and 
right-FPoo- Kobayashi's result is a special case of Theorem [3] where T = {0}. 
An analogous result to Theorem [3] regarding cohomology was proved in [T] . 

Example [1] in Section [6] below shows that Theorem [3] does not hold if we remove the assumption that 
the ideal T has a two-sided identity element. Theorem [3] will be applied below in Section [7] to prove 
Theorem [S] which characterises the property left-FP„ for Clifford monoids (and more generally strong 
semilattices of monoids). 

4. Resolutions for Completely Simple Semigroups I 

Let U he a completely simple semigroup, let be a maximal subgroup of U, and let S — U^. As 
we saw above in Section [3l given a free left resolution for S we may construct a free left resolution for 
H. In particular, if the free left resolution for S is finitely generated up to dimension n, and U has only 
finitely many left ideals, then the free left resolution for H will be finitely generated up to dimension n 
also i.e. the property left-FP„ will be inherited by H from S. 
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In this section and the one that follows it we shall consider the converse problem. Given a partial 
free resolution for the group H we show how to construct a partial free resolution for S = U^, and then 
use this to prove the following. 

Theorem 4. Let U be a completely simple semigroup with finitely many left ideals and let H be a 
maximal subgroup of U . Then U is of type left-FPn if cind only if U has finitely many right ideals and 
the group H is of type FP„ . 

Examples will be provided in Sections|n]and[7]showing that this theorem fails if any of the hypotheses 
are lifted. Theorem H] has the following immediate consequence. 

Corollary 1. Let U be a finitely generated completely simple semigroup. Then the following are equiv- 
alent: 

(i) U is of type Ze/t-FP„; 

(ii) U is of type right-FPn,' 

(iii) All maximal subgroups of U are of type FP„. 

We also have the following. 

Theorem 5. Let U be a completely simple semigroup and let H be a maximal subgroup of U . Then U 
is of type left-YVn and right-FPn if o,nd only if U has finitely many left and right ideals and the group 
H is of type FP„ . 

Proof. Suppose that U is of type left- and right-FP„. Then in particular U is of type left- and right-FPi 
which, by Theorem [7] (or alternatively [35} Theorem 2.6]), implies that U has finitely many left and 
right ideals. Then by Theorem |4] it follows that H is of type FP„. 

The converse is a direct corollary of Theorem □ 

The rest of this section, and the one that follows it, will be dedicated to the proof of Theorem [H 
Results analogous to those above for other finiteness properties, including automaticity and finite deriva- 
tion type, have appeared in the literature; see [Ml [22l |40] . Other important recent work on completely 
simple semigroups includes [34 . 

Let us outline our strategy for proving Theorem 01 We shall adopt standard notation for completely 
simple semigroups. Let U he a completely simple semigroup. We assume that the and ^-classes of 
U are indexed by sets / and respectively so that 

u^\Jr.= U l^. 

The c^-classes of U are the sets Hi^ = RiC\L^ for i G / and w G fJ. Every J(f -class of U contains an 
idempotent, we use Ci^^ to denote the idempotent of Hi^ which is exactly the identity of the group Hi^^. 
All the group -classes Hi^ {i e L,uj £Q) are isomorphic to a fixed group G, called the Schiitzenberger 
group of U . The best way to visualise a completely simple semigroup [/ is as a rectangular grid tiled 
with I J| X squares, representing the ^-classes, with each row of squares representing an ^-class, and 
each column of squares representing an ^-class (the is sometimes referred to as an egg box diagram). 
The following proposition lists some basic properties of completely simple semigroups. 

Proposition 1. Let U be a completely simple semigroup with set of!^-, I£- and -classes {Ri : i € /}, 
{L^ : uj E Q} and {Hi^ : i E I,uj E Q}, respectively. 

(i) If X e Htuj and y G then xy G Hif, . 

(ii) Each idempotent is a left identity in its .^-class and dually a right identity in its J/f -class. In 
other words eia,s = s for all s G Ri, and sci^ = s for all s £ L^. 

(iii) For all i,j € I and uj, ^ £ fl we have Hi^ = Hjti- 

The Rees theorem (see [331 Section 3.2] or originally [13]) characterises completely simple semigroups 
as Rees matrix semigroups over groups. We make use of Rees's result in Section [51 

Let us fix some notation that will remain in force throughout this section. Let [/ be a completely 
simple semigroup with set of ^- and c^-classes {Ri : i £ I}, {L^ : oj G il} and {Hi^ : i G I,uj G il}, 
respectively. We assume throughout this section that U has only finitely many left ideals, which is 
equivalent to saying that the set fl is finite. We suppose that the index sets / and each contain the 
distinguished symbol 1 and let R = Ri, L — Li and H = Hi^i = i?i n Li — RCi L. Define S — 
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(the completely simple semigroup U with an identity adjoined) and set T — L U {1} C S which is a 
submonoid of S. Note that L is a completely simple semigroup with underlying group H. In fact, L is 
a left group. We have the inclusions H < T < S. This allows us to break down the problem of relating 
S with H into two stages: first we relate S and T (in Proposition [3]), and then we relate T and H (in 
Proposition 0]) . Theorem 2] then follows by combining Propositions [3] and [H 

It is important to observe that with the above definitions ZT is not free when viewed as a left 
ZiJ-module, and also ZS' is not free when viewed as a left ZT-module. 

The rest of this section will be devoted to the problem of relating free left resolutions for S with 
those for T, with the main result being Proposition [21 from which Proposition |3] is a consequence. 

Let e & H he the idempotent in the Jff -class H, and set let F denote the set of all other idempotents 
in R i.e. F = {E{U) \ {e}} fl R. Note that F is finite since the index set fl is assumed to be finite. For 
y € U we use Ly to denote the ^-class of U containing y. Similarly we define Ry and Hy. 

The following self-evident fact will be used repeatedly throughout the section. 

Lemma 5. Every element X G 25* may be written uniquely in the form 

A = Ad) + A^^' 
feF 

where A^^) e ZT and X^f^ £ ZLf for all f e F. 

The general observation given in the next lemma will be important to us. 

Lemma 6. Let A be a left "LS -module. Then A is finitely generated as a left TjS -module if and only if 
A is finitely generated as a left ZT -module. 

Proof. For the non-trivial direction of the proof let X be a finite generating set for ^ as a left ZS"- module. 
For every A G ZS*, decomposing as in Lemma [5l we obtain 

A = AW-f ^A(^) = AW + ^A(^)e/ 

where A^^) € ZT, A^-'') £ ZLf (/ G F) and by Proposition [1] for all f £ F, A^^) = X^^^ f = X^^^ef and 
A^-'^^e G ZL C ZT. It follows that for all a; G X and A G ZS: 

Xx = X^^'>x + (A(-^)e)(/.i;) £ {X U FX)zt- 

Therefore 

XUFX ::^XU{fx: f £F,x£X}'ZA 

is a generating set for A regarded as a left ZT-module, where X U FX is finite since X and F are both 
finite. □ 

For every partial free left resolution of S we shall associate a partial free left resolution of T and 
mappings 9 and (j) relating the two resolutions. Let 

A:An^ ^ ...%Ai%Ao%Z^O 

be a partial free resolution of the trivial left ZS'-module Z, where Aq — ZS, do = es is the standard 
augmentation, keres — (Xo)zt, and for j — 1, . . . ,n 

A,^ ZS[x] 

where ker(9j_i) = {Xj-i)zT and dj : Aj ^j-i is the left Z5-module homomorphism extending 
[x] 1-^ X {x £ Xj^i). Note here that each Xj-i has been chosen so that {Xj-i)zT = ker(9j_i) and not 
just {Xj-i)zs — ker(9j_i). By Lemma[T]and LemmajBlit follows that if S is of type left-FP„ then such 
a partial resolution A exists with \Xi\ < cx) for all < z < n — 1. 
Using A, our aim is to construct a resolution B for T. Define 

So = ZT[e]e0ZT[/], 
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and, using the natural decomposition given in Lemma [5l define a mapping 6 : Aq Bq hy 

9{X) = A(i) [e] + ^ A(^)e[/] (A e Ao = ZS). 



feF 

Then for 1 < m < n define 

B,n = { ZT[x])®{ ZT[/,a:])®(0Zr[/]), 

and a mapping 6* : Am Bm given by 

xS^m-i a;eX,„_i =oex^_i 

where A^; € ZS for x G X,„_i. The fact that 9{Am) is a subset of S,„ follows from the definition 
of 9 along with Proposition [TJ We view as a mapping with domain Uo<,;<ri^i such that for every 
1 < m < n the restriction of 9 to Am maps Am to Bm- 

We may now state the main result of this section which relates free resolutions of S with free 
resolutions of T. 

Proposition 2. Let U be a completely simple semigroup with finitely many left ideals, let L be an 
^ -class of U , and set S — and T — . Let 

A-.A,,^ A„_i ^...^A.^Ao Z ^ 

be a partial free resolution of the trivial left "LS -module Z where = "LS , do = es is the standard 
augmentation, ker es — (^o)zT md for 1 < j < n 

A J = Z5[a;] 

where ker(9j_i) — {Xj^i)zT ind dj : Aj — >■ Aj^i is the left ZS-module homomorphism extending 
[x] 1-^ X (x G Xj^i). Then with the above notation: 

is a partial free resolution of the trivial left ZT-module Z where Oq : Bq ^ Z is the left -module 
homomorphism extending: 

d'oiX^e] + E = eriXe) + E 'riXf), 

feF feF 

where et is the standard augmentation, and for 1 < m < n, d'm '■ Bm — ^ Bm~i is the left TIT -module 
homomorphism extending: — 9{x) {x € Xm-i), and for f G F and x € Xi, 

{9{fx) if i = m — 1 

(l-e)[/,x] ifi = m-2,m-A,... 
e[f, x] if i = m — 3,m — 5, . . . 

and 

Q, ^j^j^j _ |e[/] ifm is even 

™ 1 (-'^ ~ '^)if^ ^/"^ 

Furthermore ker do is finitely generated if and only if ker O'q is finitely generated; and if Aq, Ai, . . . , An 
are all finitely generated then Bq, Bi, . . . , i?„ are finitely generated as well, in which case ker 9„ is finitely 
generated if and only if ker 9'^ is finitely generated. 

Remark 1. Note that the definition of d'm given in Proposition [2] makes sense since for x G Xm-i and 
f £ F we have x, fx G Am-i which by definition of 9 implies 



9{x),9{fx)£ Zr[x]® ZT[/,x] CB„^i. (3) 
Before embarking on the proof of Proposition [5] we shall give one of its important consequences. 
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Proposition 3. Let U be a completely simple semigroup and let L be a left ideal ofU. IfU has finitely 
many left ideals then U is of type Ze/t-FP„ if and only if L is of type Ze/t-FP„ . 

Proof. This is equivalent (in ttie above notation) to proving that if F is finite then S = is of type 
left-FP„ if and only if T = is of type left-FP„. We prove the result by induction on n. The base 
case n = 1 is easy to verify directly. Alternatively, it follows from a more general result that we prove 
below (see Theorem [7] in Section [51). Now let n > 1 and assume inductively that the result holds for 
values strictly less than n. 

If S is of type left-FP„ then by Lemma[T]and LemmalHlthe partial resolution A given in the statement 
of Proposition [5] may be chosen so that Xi is finite for all < i < n — 1. By Proposition [5J B is then 
a partial free resolution of the trivial left ZT-module Z with each Bi free of finite rank. Therefore T is 
of type left-FP„. 

Conversely suppose that T is of type left-FP„. In particular T is of type left-FP„_i which by 
induction implies that S is of type left-FP„_i. By Lemma [T] and Proposition [2l using the definitions 
given in Proposition [21 we have that 

^:A„_i ^ A„_2 ^ ••• ^ Ao Z ^ 0, 

i3:B„_i Bn-2 ■■■ Bo — ^ Z ^ 

are both partial free resolutions with Aj and Bj finitely generated for j' = 0,l,...,n — 1. By Lemma [1] 
since T is of type left-FP„ it follows that ker9^_]^ is finitely generated which by the last clause in the 
statement of Proposition [5] implies that ker9„_i is finitely generated (both as a left ZS'-module and a 
left ZT-module, by Lemma IH]). It now follows from Lemma [T] that S is of type left-FP„. □ 

We now work through several technical lemmas which will then be utilised at the end of the section 
where we prove Proposition O 

First we define a mapping : _B,„ — >■ Am which taken together with : Am — s> i?m (defined above) 
will help clarify the relationship between A and B. 

Define : i?o — > by: 

0(A,[e] + ^A/[/]) = A, + ^A//, 
feF feF 
and for 1 < m < n define (p : Bm Am by: 



J2 Mx]+ A/.^/N- 

In a similar way as for 9 above, we view as a map with domain lilo<i<nBi where the restriction of 
(j) to Bm maps Bm to Am ■ The relationship between the mappings thus far defined is illustrated below: 

A„ ^ A„_i ^ ... ^ Ao Z ^ 

B^ % ^ ... ^ Bo Z ^ 0. 

The next lemma tells us that 9 behaves well with respect to addition and the action of ZT. 

Lemma 7. For all < m < n the mapping 9 : A„i — >■ B„i is a homomorphism of abelian groups and 
commutes with the action ofZT. That is, for all A G ZT and a £ Am we have A . 9{a) ~ 9{X ■ a). 

Proof. For all A,/z G ZS" and feF, decomposing as in Lemma [51 it is easily seen that 

(A + m)W =AW+m(i) and (A + /i)(^) =A(^)+/x(^). 

From this and the definition of 9 it follows that 

9{a + /3) ^9{a)+9{P) 

for all a, /3 G Am- Hence is a homomorphism of abelian groups. 
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By Proposition [TJ under its action on S by left multiplication, T stabilises itself and each of the sets 
Lf {f e F) setwise. It follows that for all fieZS, XeZT and f £ F: 

(A-/x)(i' = A-Ai*'^ and (A • /i)'-^' = A • /^(-^^ 
From this and the definition of 6 we conclude that A • 9{a) ~ 9{X ■ a) for all A e ZT and a G A,„. □ 

The map is equally well behaved. 

Lemma 8. For all < m < n the mapping (j) : B„i Am is a homomorphism of abelian groups and 
commutes with the action ofZT. That is, for all fi G ZT and a G Bm we have fi ■ 4'{a) = • a). 

Proof. This follows easily from the definition of (j). □ 

Lemma 9. For < m < n the composition <j)6 : Am — > Am is the identity map on Am- In particular, 
9 is injective. 

Proof. Suppose that m > 1, the case m — may be handled similarly. Let X^^ex i Ax [a;] G Am, 
where A^; G ZS* for x G Xm-i- Then from the definitions of (j) and 9 we have 



fef 

= E E >^^'-m= E 



X 



xex„_i 2:eX„_i 

since, by Proposition [Tl for / G F and x G Xm-i we have X)/'ef = X'd'f = X]/', because X)/' G Lf 
and / is a right identity in its ^-class. □ 

Lemma 10. We have (/)(ker(9^) C ker9m for all < m < n. 

Proof. The fact that (/)(ker 9q) is a subset of ker9o is an easy consequence of the definition of : _Bo ^ 
Aq. This deals with the case m = 0. Now let / G ker9^ for some 1 < m < n. Say: 

1= E ^-N+ E A/,,[/,a;] + EA/[/], 

where each of the terms Xx,Xf^x and A/ belongs to ZT. Suppose that m is odd, the case when m is 
even is dealt with similarly. Then since / G ker d'm applying d'm gives 

E X,0{x)+ E >^fM^)+ E A/.,(l-e)[/,a;] 

X£X„,^1 i = m-2,m-4,... 

+ E A/,,e[/,x] + EA/(l-e)[/]=a:„(0 = 0. (4) 

i = m-3,m-5,... fgi? 

From this along with ^ and the definition of 9 : Am-i — > Bm-i we deduce: 

A/, = for / G F, X G (i = m — 3, m — 5, . . .) 
A/.a;(l - e) = for / G F, x G (i = m - 4, to - 6, . . .) 
A/(l-e) = for/GF, 

and hence equation Q becomes: 

E A,f?(a;)+ E >^fM^)+ E A/,,(l-e)[/,x]=0. (5) 

2;eX,„_i 

(When m = 1 the third term here is X]/gf '^/(^ ~ but the rest of the argument follows the same 
lines as below.) It follows from equation ([5]) and Lemma [7] that 



E A/,,(l-e)[/,x] G0(A™_i) CB„_i, 



/EF 
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which from the definition of 6 implies that Xf.x{^ — e) e ZL, for all / G and x £ Xm-2- Therefore 
— e) — Xf,x{^ — e)e = since e is a right identity in the ^-class L. Now substituting this back 
into equation ([3]) and applying Lemma [7] gives 



But by LemmalHl ^ is injective and so since 6(0) = = 9{dm{4'{l))) we conclude dm{4'{l)) =0. □ 
Lemma 11. We have d{kcrdm) C kerc}'„ for all < m < n. 

Proof. It is an immediate consequence of the definition oi 9 : Ao ^ Bq that d{kerdo) C kerc^Q. This 
shows that the result holds when m = 0. Next let 1 < m < n and take an arbitrary element a — 
^x£X Xx[x] € ker9m. Then from the definitions and Lemma [7] we have: 



E Xxx) = e{dM)^o{o) = o, 



xGX^^i 

where Ai-'^^e/ = f = by Proposition □ since xi^'' eZLf. □ 

The next result relates generating sets of kernels from the sequence B with generating sets of kernels 
from the sequence A. 

Lemma 12. Let Y be a subset o/ker9^ for some < m < n. If {Y)zt — ker9,'„ then {(t){Y))zT = 
ker dm ■ 

Proof. It follows from Lemma [TU] that 4>{Y) C ker dm- Let a e ker 9™ be arbitrary. Since 4>6 is the 
identity on Am by Lemma [31 we have a = (pd{a) where 9{a) G ker 9^ = (Y)zt by Lemma [TT] Write: 

^(«) = E ^ ^^)- 

Then by Lemma |H1 

a = (t)9{a) = (/.(E 7y2/) = E ^a</'(y) ^ ('/'(i^))zT. 

Since a was arbitrary it follows that {(t>iY))zT — ker 9m- □ 

We are now in a position to prove the main result of this section. 
Proof of Proposition\^ For < m < n, we define the following subset Ym of Bm- 

Ym=9{Xm) U {{l-e)[f,x]:feF,xeX,{i^m-l,m-3,...)} 
U {e[f, x]: f eF, x G X, (i = m - 2, m - 4, . . .)} 

u g, 

where 

{(1 — e)[/] : / G F} if m is even 
{e[/]:/Gi^} if TO is odd. 



Q 

Claim. For < m < n we have Ym C kerS^^ and {Ym)zT = ker9'„. 
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Proof of Claim. Suppose that m is odd, the case when m is even is similar. In particular the case m = 
may be dealt with using a similar argument. 

Since Xm C kerdm it follows from Lemma [TT1 that 6{Xm) ^ keri9^. It then rapidly follows from the 
definition of d'^ and Lemma [7] that Ym Q ker9,',j. 

To see that (ym)zT = kerS^j let I £ ker9^j be arbitrary, say 

where each of the terms Xx,Xf,x and A/ belongs to ZT. Exactly as in the proof of Lemma [TUl from 
^m(0 = we deduce: 

A/,a;e = for / e F \ {e}, x e Xi {i = m- 3, m - 5, . . .) 

A/,^(l - e) = for / e F \ {e}, x e Xi {i = m - 2, m - 4, . . .) 
A/(l-e) = 0. 

It then follows from the definition of Ym, and since m is odd, that 

5^ A;,.[/,.t] + 5]AH/] 

i=m-2,m-3...,0 /^F 

A/,,e[/,a;]+ ^ A/,,(l ~ e)[/, a:] + ^ A/e[/] 

1=771-2, m-4,... 7=777-3,771-5,... fg^ 

In other words I — li E {Y„i)zt where 

h= J2 E ekera:„. 

2;eJ>s:77i-i ^ex„^i 

Since h £ kerS^, by Lemma [TUl we have (/'(Zi) G ker9„j = {Xm)zT, and applying LemmajT) 



a;eX777 -i ^£^771- 
feF 



We conclude, again by inspection of that 



i:ex„_ 



and hence Z = — ^i) + G {Ym)zT, completing the proof of the claim. □ 

Returning to the proof of Proposition^ by definition each oi Bq, Bi, . . . , i?„ is a free left ZT- module. 
Next we must show that B is exact. It is an immediate consequence of the definitions that d'Q{Bo) = Z. 
Now let 1 < j < rt — 1 and consider im^j_^_l. For all x ^ Xj C ker(9j) and f € F we have fx € ker(i9j) 
and so by Lemma [TTl and the claim: 

9ifx) G 9{keiidj)) C ker9j = {Y,)zt. 

Using this observation, it is then easy to verify that imd'j^i C {Yj)zT- From the definition of d'^^i we 
see that Yj C imdj^i. Therefore, applying the above claim we conclude that B is exact. 

The last clauses in the statement of Proposition [2] follow from the claim and Lemma [12l □ 

5. Resolutions for Completely Simple Semigroups II 

In this section we finish off the proof of Theorem [4l In Section |4] above, in the notation of that 
section, we saw how to pass between free resolutions of S and free resolutions of T. We now go on to 
consider the relationship between resolutions of T and those of H with the aim of proving the following 
result. 

Proposition 4. Let L be a left group and let H be a maximal subgroup of L. Then L is of type left-FPn 
if and only if L has finitely many idempotents, and H is of type FP„ . 
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Recall that a left group is the direct product of a left zero semigroup and a group. We note that a 
recent result of Kobayashi [331, Corollary 2.7] is exactly Proposition 2] in the special case n = 1. 

Note that Proposition 2] does not simply follow from the dual of Proposition [31 since all statements 
are about left ZiS-modules. 

Proposition|3]will follow from Proposition[5]and Theorem [7] which will be proved below. We continue 
using the same notation that was introduced above in Section |4j with the exception of F which will 
be used to denote a different set of idempotents from before. SoT = iU{l} < S where L = Li is a 
completely simple semigroup with a single ^-class. Fix an idempotent e in L, let F = E{L) and set 
H = He- For / G F we use Hf to denote the J^-class of /. Note that now F is the set of idempotents 
of an ^-class, while in the previous section above F was used to denote a set of .^-related idempotents. 

One direction of Proposition |4] is straightforward. Suppose that T is of type left-FP„. Then H is of 
type left-FP„ by Theorem [2] Also, since T is of type left-FPi, it follows from Theorem [7] below (see 
also [351 Theorem 2.6]) that L has finitely many idempotents. 

The main result of this section is the following which, when combined with the previous paragraph, 
has Proposition m as a consequence. 

Proposition 5. Let L be a left group, H be a maximal subgroup of L with identity e, and set F — E{L) 
and T ^ . Let 

A-.A,,^ A„_i ^...^A,%Ao Z ^ 

be a partial free resolution of the trivial left "LH -module 1 where do ~ en is the standard augmentation, 
ker ch = {Xo)zh and for 1 < m < n 

Arn= ZH[x] 

where ker(9„i_i) = (X,„_i)z_ff and dm ■ Am Am-i is the left "LH -module homomorphism extending 
[x\ x (a; e Xm-i). Then 

is a partial free resolution of the trivial left "LT-module Z where Bq = ZT, 9q = ct is the standard 
augmentation, and for 1 < m < n: 

Bm^ Zr[a;]©0ZT[/], 

where, viewing Am C i?,,„ under the natural inclusion arising from ZH C ZT, : Bm — ^ Bm-i is the 
left TjT-module homomorphism extending: 

{X if X e Xrn-l 

(1 — e)[x] if X & Xi, i — m — 2, to — 4, . . . 
e[x\ if X ^ Xi, i = m — 2>, to — 5, . . . 

and 

Uf-l) ifm = l 
d'miif])^ lif-m] ifmoddandm^l 
[/[/] «/"T- even. 

Moreover if F is finite, and Aq, Ai, . . . , An are all finitely generated then Bq, Bi, . . . , B„ are finitely 
generated. Thus if H is of type left-FPn then T is of type Ze/t-FP„ . 

Proof. Let Fq = U {(1 - /) : / e F}, and then for 1 < m < n define: 

Ym = Xrn U {(1 - e)[x] : X G Xi (i = m - 1, TO - 3, . . .)} 

U {e[x] : X e Xi (i = m - 2, m - 4, . . .)} 

U Q, 

where 




{(1 ^ /)[/]:/ G P} if ™ is even 
{/[/] -f^F} if TO is odd. 
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Claim. For < m < n we have Ym C ker9^ and (Ym)zT = ker9^. 

Proof of Claim. We prove the result for m odd. The proof in the case m even (and in particular the 
case m = 0) is similar. 

First we must verify that is a subset of keri9^. From the definitions we see that dm is the 
restriction of to A„i C B,m and it follows from this that X„i ^ kerS^j since X„i C ker(?„j. For 
X e Xm-i since e is a left identity for H we have 

d'm{{l ~ e)[x]) = {l-e)x = {xe X^-i). 

It is then easily verified from the definition of d'^ that the remaining members of y„i belong to ker d'^ ■ 
This proves C ker9'„. 

To see that (F,„)zt — kerS^^, let a G kcr(9,'„ be arbitrary, say: 

a= Yl A,[x] + ^A/[/], 
where each \x,^f G ZT, and since m is odd 9^ (a) = implies 



^ A,e[x] + 5]A/(/-l)[/]=0. (6) 



xGXm-l i = ,Ti~2,m-4 

xGXj 



Recalling that 

Xm-i C kera™_i C Am-i - ZiJ[a;], (7) 

it is then immediate from equation ^ that 

Aj^e = for x E Xi (z = to — 3, to — 5, . . .) 

Aa;(l — e) = for x Cz Xi {i — m — 4, to — 6, . . .) 

A/(/-l)=0 for/e^^. 

(When TO = 1 things work slightly differently, as we shall explain below.) From these observations, 
along with the definition of K^, we deduce: 

J2 Xx[x] + J2\f[f] 

i = m-3,m-5,..- i = m - 4, m - 6 , . . . fgj? 

In other words a — ai G {Ym)zT where: 

ai (8) 

and 

^ A,x+ Y A,(l-e)[x] =a:„(ai) =0. (9) 

Now 



ai = I Y Xx{l-e)[x]+ Y ^xe[x] 

where 



a2 



.xeXm^i xex„ 



"2= Y A*a;[a;]+ ^ cr2,[a;], 
xex,„-i xex^-2 

with /^a; = X^e G ZL (x G X^-i), and tJa; = A2;(l — e) G Z (a; G Xm,-2) since /(I — e) = for all I G L. 
Since 

(1 - e)[x] {x G Xm-i), e[x] (x G Xm-2), 
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all belong to Ym we deduce that ai — a2 £ (i^m)zT- Applying d!^ to a2 gives: 

E '^.(l-e)N=a;,(a2)=0, (10) 

where fix G "^L {x G Xm-i) and tia; G Z (a; G For each a; e since /i^; G ZL it decomposes 

uniquely in the following way 

M. = E^i^'^ (/^i^^e^^/)- (11) 

In the next step of the argument our aim is to deduce ax = for all x G Xm,-2- First we consider what 
happens when m > 3 (recall that m is odd by assumption), and then we shall explain how to modify 
the argument in the case m — 1. 

Suppose m > 3. Then, for each x G Xra-2 by considering the coefficient of [x] in equation ([TU]). and 
recalling JT]) and the facts Hx & {x G Xm-i) and (Xa; G Z (a; G Xm_2), we immediately deduce that 
ax ^ for all x G Xm_2. 

Turning our attention to the special case when m = I. In this case the above argument leads to: 

"2 = E fJ-x[x] + 0-/[/] 

where fix S ZL {x G Xq) and aj Eli {f £ F), and 

E 5^^/(1-/) (a2)=0. (12) 

For every f £ F and x G Xq C Zi7 since stabilises Hf under its action by right multiplication it 
follows that, in the notation of ([TT]) . fi^J^x G Thus from equation we conclude that for each 

/£/: 

E fxi^^x - a// = 0, (13) 

xeXo 

if) 

where fXx G Z_ff/ and af (^X. But C kere^ where ct is the standard augmentation, and so from 
equation (fT3)) it follows that cr// G kerey and so since cr/ G Z we have u/ = eriaff) = for all f & F. 
Thus both in the case to = 1 and to > 3 we conclude that 

where /i^; G ZL (a:; G X„j_i), and 

Y t^xx ^ d'^ia2) ^ 0. 

xex„^-i 

For all Z G L and x G from ([7]) we deduce 

;xG IHfix]-^! e Hf, 

xex^-2 

and it follows that 

a2 = E "2^^ 
/eF 

where, using the decomposition dTTI) . ctj = X]a;ex _i /^^ N G kcr9^ for every f £ F. Let / G F be 
arbitrary. Then 

and 

E A^i^)x = a;,(4/') = o. (15) 

To complete the proof of the claim it suffices to show that a2^^ G {Ym)zT- Clearly 

/ ■ Xjn — fXm ^ (Ym)'LT- 
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From equation P3)) we deduce that ea'^'^ belongs to ker9„i = {Xm)iH- So we can write: 

But then since fe — f and / is a left identity for a2 we obtain 
a^-'^^ = fea^2^^ = /(/xizi H h ^J.rZr) 

= (M)(/^l) + ■ • ■ + {ff^r){fZr) e {fX^)zT C (y™)zT, 

since //i^ G Zi?/ (« = 1, . . . ,r) and / is a right identity for Lf. Since / was arbitrary this shows that 
02 £ {Yrn)zT, Completing the proof of the claim. □ 

Returning to the proof of PropositionjSl by definition each of i?o, ^i, . . . , i?„ is a free left ZT- module. 
To complete the proof we must show that B is exact. Clearly ct maps Bq onto Z. Now let 1 < j < n — 1 
and consider imdj^i- It follows from the claim that Yj C kerSj which, along with the definitions of Yj, 
Bj and shows that imSj^j^ C (Yj)zT C kerSj. Since Yj is a subset of im9j^]^ it then follows from 
the claim that the sequence B is exact. 

The last clause in the statement of the proposition follows since if Xq, . . . , Xm-i (for some 1 <m < n) 
are all finite, and F is finite, then from its definition B„i will clearly be finitely generated. □ 

Proof of Theorem^ Let L be the ^-class of U that contains H . Then: 

U is of type left-FP„ 
<;=^ L is of type left-FP„ (by Proposition [3]) 

E{L) < cx) & iJ is of type FP„ (by Proposition g]) 

<;=^ U has finitely many right ideals 

& iJ is of type FP„. 

□ 



6. KoBAYASHi's Criterion and the Property FPi 

In this section we turn our attention to the particular case n = 1 and examine the behaviour of the 
property FPi in more detail. As mentioned in the introduction, a group is of type FPi if and only if it 
is finitely generated. For monoids this is no longer the case. In a recent paper Kobayashi characterised 
the property left-FPi for monoids in the following way. 

Let S' be a semigroup and let A be a subset of 5*. A subsemigroup T of 5 is called right unitary if 
st G T implies s G T for any t G T and s G S. The intersection of two right unitary subsemigroups is 
clearly right unitary, so we may speak of the right unitary subsemigroup of S generated by A, which 
we denote by {A)r.u.- We say that 5* is right unitarily finitely generated if there is a finite subset A of 
S such that {A)r.u. = S. For a subset A of a semigroup S we use (A) to denote the subsemigroup of S 
generated by A. 

The right Cayley graph rr{S,A) of S with respect to a subset A of S* is the directed labelled graph 
with vertices the elements of S, and a directed edge from x to y labelled by a G A if and only if xa = y 
in S. (Note here that we do not insist that A is a generating set for S.) We write this as x y. We 
say that rr{S,A) is connected if between any two vertices there is an undirected path. Kobayashi's 
characterisation of the property left-FPi for monoids may be stated as follows. 

Theorem 6. 36, Proposition 2.4 & Theorem 2.6] A monoid S is of type left-FPi if and only if there 
is a finite subset A of S such that one of the following equivalent conditions is satisfied: 

(i) 5* is right unitarily generated by A i.e. {A)r.u. = S; 

(ii) the right Cayley graph Tr{S,A) is connected. 

Kobayashi's characterisation allows for a more detailed analysis of FP„ for monoids in the special case 
that n = 1. In this section among other things we use his criterion as a tool to characterise completely 
simple semigroups of type left-FPi in terms of the number of right ideals and the subsemigroup generated 
by the idempotents. The following concept will play an important role. 
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Definition 1 (Relative rank). Let S be a semigroup and let T be a subsemigroup of S . Then we define: 

rank(5 : T) = ]ny l-4| : {T U A) ^ S} 

which we call the relative rank of T in S". 

It is not so surprising that the idea of relative rank arises here, since it is a notion that is central for 
understanding generating sets of completely simple semigroups; see [271 148j . 



Tiieorem 7. Let U be a completely simple semigroup, let H be a maximal subgroup ofU and let {E{U)) 
be the subsemigroup generated by the idempotents of U . Then U is of type left-FPi if and only if the 
following two conditions are satisfied: 

(i) U has finitely many right ideals, and 

(ii) the subgroup K of H generated by (E{S)) D H has finite relative rank in H. 

Proof. Let S = U^. By the Rees theorem (see [SSj Chapter 3], or originally ^S]) m^-y identify U 
with a Rees matrix semigroup M[G; /, fl; P] over a group G where G = H and P = {pui)u^Q.,ii^i is an 
X / matrix with entries from G. This semigroup has elements U = L x G x Q and multiplication given 
by: 

{h9,^){j,lT',fi) = {i,gp^jh,^i). 

Moreover, we may assume that the matrix P is in normal form i.e. pi^ = pn = 1 for alH G / and a; e il 
(see [331 Chapter 3, Section 4]) and we may also suppose without loss of generality that H = Hn. It is 
well known and easy to prove (see [32] for example) that the subgroup K of H generated by {E{S)) n H 
consists of all triples (l,g,l) where g belongs to the subgroup of G generated by the entries in the 
matrix P. 

Suppose that / is finite (i.e. that U has finitely many right ideals) and K has finite relative rank in 
H. Let X be a finite subset of H such that {X U K) = H . Let F be the set of all idempotents in some 
fixed .if-class L of U . We claim that F U X is a right unitary generating set for U . First observe that 
E{U) C (F U X)r.u- Indeed, given any e e E{U) there exists f £ F such that e^f and so e/ = / and 
thus e e (F U X)r.u- Therefore 

{FUX}r.u = {FUX(jE{U))r.u^{XL)E{U)}r.u 

D {X U E{U)) D {{X U {{E(U)) n H)) U E{U)) 
= {HUE{U)) = U. 

Hence {F U X)r.u — S and since F U X is finite it follows from Theorem [B] that S is of type left-FPi. 

For the converse, suppose that S is of type left-FPi. Let A be a finite subset of S such that r, (S', A) 
is connected. Also, we may assume that A is chosen so that {i,g,u!) e A if and only if {i,g^^,uj) e A 
for all i £ L, u! E n and g £ G. Since for any collection of ^-classes Ri,...,Rk of U the union 
i?i U . . . U U {1} is a right unitary submonoid of S it follows that A must intersect every ^-class of 
S, and thus / is finite. To complete the proof we have to show that K has finite relative rank in H. 

We claim that {AUE{S)) = S. To see this, suppose for the sake of a contradiction that {AUE{S)) C S. 
Since Tr{S,A) is connected (as an undirected graph) it follows that there exist u,v G S such that 
u £ {AU E{S)), V ^ {AU E{S)) and u adjacent to v in TriS, A). So there exists a G A such that either 
ua = V 01 va = u. Since z; (A U E{S)) we cannot have ua = v and therefore must have va = u. 
Clearly none of a, w or u is equal to 1. Let 

where i, j, k £ I , lo, pL,v £ U, and g,a, f5 E G. Then 

{i,gp^ja,fi) = {i,g,uj){j,a,fi) = va = u = {k,l3,v), 

and so 



Therefore since the matrix P is in normal form: 

v^{i,g,u;) = {i,(3a~^p~j,uj) ^ {i,^Pf,ilpija~'^Pf,ilpijp~^,u) 

iVi rw^l 1 iVi 1^^^ 



i = k, ^i. = v, & g^ 13a p^^. 



= {^,P,^x){l^^){J,a-\^x){l^^){j,pZ].^) e {AUE{S)), 
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since ii,^3,^J.) = ik,(3,v) = u e {AUE{S)), (j,Q!~\^) e A and {j,p^j,u}) e E{S). This is a contra- 
diction. We conclude that {A U E{S)} ~ S. In particular iJ C (A U E{S)} so given 5 e G we can 
write 

(1,5, 1) = (ii, 51, wi)(i2, 32,^2) • ■ • {ik,gk,uJk) 
where ii = 1, ujk — 1 and each {ir,gr,^r) E AU E(S). It follows that 

.9 = 5iP^i»252 ■ • -Pujk-i^kgk 

where each gi is either the inverse in G of an entry from P, or is the middle entry of some triple from 
A. It follows that if B is the set of all middle entries of elements of A then NUB generates G where 
is the subgroup of G generated by the entries in the matrix P. Since A is finite it follows that B is 
finite, therefore K has finite relative rank in H and this completes the proof of the theorem. □ 

We leave as an open question the problem of extending Theorem [7] to values of n greater than 1. It 
seems likely that the formulation of such a result will need the introduction of the notion of a subgroup 
K being of relative type-FPn in a group G. 

The following result shows how left-FPi holding in an ideal of a semigroup influences the same 
property holding in the semigroup. 

Proposition 6. Let S be a monoid and let J be a left ideal of S. If J is of type left-FPi then so is S. 

Proof. Let T — J (J {1} < S. Since J is left-FPi there is a non-empty finite subset A of T such that 
Tr (r, A) is connected. Let a E An J. Then for all s G S" we have sa G J, since J is a left ideal, and it 
follows that TriS, A) is connected and hence S is of type left-FPi. □ 

The following example shows that the converse of this result fails, even for two-sided ideals and as a 
consequence also shows that Theorem [3] above does not hold if we remove the assumption that the ideal 
has a two-sided identity element. Moreover, it shows that the finiteness assumption on J in Theorem [5] 
below really is necessary. 

Example 1. Let 5 be a finitely generated monoid with a minimal ideal R where R is isomorphic to 
a rectangular band A x B where A and B are both infinite sets. Since S is finitely generated it is, in 
particular, of type left-FPi. However, by Theorem R is neither of type left-FPi nor right-FPi. 

Such an example S may be constructed in the following way. First let U be the submonoid of the 
full transformation monoid T(N) (the semigroup of all maps from N to N under composition) generated 
by a which maps i 1— > i + 1 (i G N) and the constant map 7 with image 1 . The monoid U is finitely 
generated, and has a minimal ideal isomorphic to a right zero semigroup. Let V be the dual of U, 
which is finitely generated and has a minimal ideal that is an infinite left zero semigroup. Then define 
S — U X V which has a minimal ideal that is a rectangular band with infinitely many left and right 
ideals. Also S is finitely generated since it is a direct product of two finitely generated monoids. 

Combining Theorem [7] and Proposition |6] we obtain the following. 

Theorem 8. Let S be a monoid with a minimal ideal J that is completely simple and has finitely 
many right ideals. Let H be a maximal subgroup of S in J and K be the subgroup of H generated by 
{E{ J)) n H. Then S is of type left-FPi if and only if K has finite relative rank in H. 

Proof. One direction is a direct consequence of Theorem [7] and Proposition [S] 

For the converse, suppose that S is of type left-FPi. By Theorem [7] to complete the proof it suffices 
to show that T = J U {1} < 5' is of type left-FPi. Let ^ be a finite subset of S such that rr{S,A) 
is connected as an undirected graph. Fix an ^-class L of J and let F = E{S) n L which is finite by 
assumption. Define B = F U AF which is a finite subset of J since J is an ideal. We shall now prove 
that S is a right unitary generating set for T = J U {1}. 

Let e G F he arbitrary and let R = Re he its .^-class. We claim that for every x G R there is a path 
in r,.(T, B) from x to e. Let x € R. Since Tr{S, A) is connected it follows that there is a sequence 

1 = yo,yi, - • • ,yr = a; 

of elements of S such that for all i, tji and iji+i are connected by an arc (in some direction) in Tr{S^ A). 
Now consider the sequence: 

zo = e = el = eyo, zi = eyi, . . . , Zr = ey,- ^ ex ^ x, 



22 



HOMOLOGICAL FINITENESS PROPERTIES OF MONOIDS 



recalling that e is a left identity in its ^-class. Since !M is minimal we have eyi G R for all i. Now 
for any a e A, y^a = yi+i implies {eyi)a = (eyi+i), while y^+ia = y^ implies {eyi+i)a = (ey^). So the 
sequence {zi)o<i<r is a path in r(5', ^4) contained in R, beginning at e and terminating at x. Consider 
a typical arc in this path: ua — v. This implies u{ae) — w(e) and hence, since ae, e G -B by definition, 
u and V are joined by a path of length at most 2 in Tr{T, B). We conclude that in Tr{T, B) there is a 
path from every vertex a; 6 i? to e. Since R was an arbitrary ^-class, the same is true for every .^-class 
of J. Also every pair of idempotents and Cj of F are connected by a path in Tr{T^ B) of length 2 via 
1 G r since e^, Cj G B. We conclude that Tr{T, B) is connected and so T is of type left-FPi. □ 

In particular, in Theorem |S1 if E{J) is finite then K has finite relative rank in H if and only if H is 
finitely generated which gives the following result. 

Corollary 2. Let S he a semigroup with finitely many left and right ideals, let K be the unique minimal 
ideal of S , and let H be a maximal subgroup of S in K . Then the following are equivalent: 

(i) S is of type left-FPi; 

(ii) S is of type right-FPi; 

(iii) the group H is finitely generated (equivalently, H is of type FPij. 

Currently we do not know whether Corollary [2] holds for left-FP„ for values of n greater than one. 
We do however know that it holds in one direction, passing from S to H, by virtue of Theorem [51 

7. Further Applications and Examples 

In this section we give some examples showing that the finiteness conditions imposed in the main 
results of the paper really are necessary. We also give some further applications of our results. 

The following example shows that without the finiteness assumption on the number of left ideals. 
Theorem [2] (and therefore also Theorem S]) no longer holds. 

Example 2. Let G be the free group over X where X ^ {xi : i G N}. Let S = M[G; I, fi; P] be the 
Rees matrix semgiroup over G with structure matrix 

'\ 

1 Xi 
1 X2 



P 



V '■■) 

Then by Theorem [71 S is of type left-FPi. But G is not of type FPi since G is an infinitely generated 
group. 

Simple semigroups. In Theorem [5l we proved that if a completely simple semigroup is of type left- 
and right-FP„ then all of its maximal subgroups are of type FP„. We shall now see that this result 
does not extend to simple semigroups in general. 

We begin by quoting a well-known result regarding FP„ for amalgamated free products of groups; 
see [7] for a proof. 

Proposition 7. Let G be the amalgamated free product A*c B of groups A,B and C, and let n G N. 
If G is FP„ and A and B are FP„_i then C is FP„„i. 

Example 3. Let S be the monoid defined by the following finite presentation: 

(01,02,03,04, 01,02,03,04, h,c\ aja', ~ a'.aj ~ I, 0102=0304, bc=l, 



ha-j = 0^6, ajC = cOj [j = 1, 2, 3, 4)}. 



Then from |50[ Proposition 3.3] the group of G units of S is defined by the following group presentation: 

(01,02,03,0410102 = al al (i = 0, 1, 2, 3, . . .)}. 

As observed in [SD] 5* is a Bruck-Reilly extension (see [331 Chapter 5] for a definition of Bruck-Reilly 
extension) of the group G and consequently S is simple and every maximal subgroup of S is isomorphic 
to G. Also, clearly G is the free product with amalgamation of Ai, A2 (both free groups of rank 2) 
over a non finitely generated subgroup. Therefore it follows by Proposition [3 that G is not of type FP2. 
Recalling (see (HI Proposition 5.6] for instance) that every finitely presented monoid is of type left- 
and right-FP2 we obtain the following. 
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Proposition 8. There exists a simple monoid that is finitely presented, and hence of type left- and 
right-FT'2, none of whose maximal subgroups are of type FP2. 

This leads naturally to the following question: is it true that for every n > 1 there is a simple monoid 
of type left- and right-FP„ none of whose maximal subgroups are of type FP„? 

Strong semilattice of monoids. We may apply our results to another fundamental construction 
from semigroup theory, so-called strong semilattices of monoids. Let Y = (Y, <) be a semilattice, and 
let Aa{a € Y), be a family of disjoint monoids indexed by Y. Denote by Iq, the identity of A^. Suppose 
that for any two elements a, /3 £ Y , (3 < a, there exists a homomorphism 4'a,/3 '■ A^ A^ such that 

(1) 4'a,a is the identity homomorphism on A^ 

(2) 4>a,i}4>i3,-y = 4>a,-y, for all Of, /3, 7 £ F with 7 < /? < a- 

The set S — UaevAa can then be made into a semigroup by defining 

ab = {a(l)a,ai3){b4>i},ai}), a e Aa, b e Ap. 

When all Aa are groups then we obtain exactly the Clifford monoids (originally introduced in [18] ) 
from this construction (a Clifford monoid is a regular semigroup whose idempotents are central). More 
details on this construction may be found in [33|i Chapter 4]. 

The following result characterises the property left-FP„ for strong semilattices of monoids, and so in 
particular for Clifford monoids. 

Theorem 9. Let S = S[Y; Aa, (j)a,p] be a strong semilattice of monoids. Then S is of type /e/t-FP„ if 
and only if Y has a minimal element e, and the monoid A,, is of type left-FPn. 

Proof. Suppose S is of type left-FP„. Then in particular S is of type left-FPi and hence the semilattice 
Y, which is a retract of S, is also of type FPi by [331 Theorem 3]. (In fact, left-FPi is even preserved 
by arbitrary homomorphic images, which is easily seen from Theorem [6]) By Theorem [6] this means 
that Y is right unitarily finitely generated. Let ^ be a finite right unitary generating set for Y. Let X 
be the subsemilattice generated by A, which is finite since A is finite, and let z be the unique minimal 
element of X. Define Z = {y £ Y : zy — yz — z}. Clearly Z is a, subsemigroup of S, and is right 
unitary since for x £ Z and y £ Y , yx G Z implies yxz ~ z and so yz — z which gives y G Z . Since A 
is a right unitary generating set for Y it follows that Z — Y and so z is the unique minimal element of 
Y. The result now follows by applying Theorem [3] □ 

For inverse semigroups it is known that left-FP„ and right-FP„ are equivalent. In particular this is 
true for Clifford monoids. The above theorem applies to Clifford monoids. 

Corollary 3. A Clifford monoid is of type FP„ if and only if it has a minimal idempotent e and the 
maximal subgroup Ge containing e is of type FP„ . 

Another related application of the results of Section [3] is the following. 

Corollary 4. Let S be an inverse semigroup with a minimal idempotent e, and let G be the maximal 
subgroup of S containing e. Then S is of type FP„ if and only if G is of type FP„. 

8. Other homological finiteness properties 

We conclude the paper with some remarks about some other homological finiteness properties of 
monoids. 

The property bi-FP„. In Alonso and Hermiller introduced a property which they called 6i-FP„ 
(the same property is called weak &i-FP„ in [43 ). 

A monoid M is said to be of type &i-FP„ if there is a finite rank length n resolution of Z by 
(ZM,ZM)-bimodules. 

Pride [33] showed that a monoid is of type bi-FP„ (in the sense of Alonso and Hermiller) if and only 
if it is of type left- and right-FP„. Therefore an alternative way or expressing Theorem [S] above is as 
follows. 

Theorem 10. A completely simple semigroup S is of type &i-FP„ if and only if it has finitely many 
left and right ideals and all of its maximal subgroups are of type FP„ . 
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Cohomological dimension. Several problems regarding closure properties of homological finiteness 
conditions of monoids were posed in 'SIT, Remark and Open Problem 4.5] and in [321 Open Problem 
ll.l(i)] . Specifically, in [50, Remark and Open Problem 4.5] it was asked whether for a regular semigroup 
S with finitely many left and right ideals whether S has property left-FP„ (resp. finite co-homological 
dimension) if and only if all maximal subgroups of S have property left-FP„ (resp. finite co-homological 
dimension). We have already observed above that the first of these questions, concerning property left- 
FP„, has a negative answer. We may similarly answer negatively the question about cohomological 
dimension using f29| Theorem 1] which states that a monoid has left and right cohomological dimension 
zero if and only if it has a two-sided zero element. Therefore, by taking a group G with infinite 
cohomological dimension and adjoining a zero element we obtain a regular monoid with finitely many 
left and right ideals, and with finite cohomological dimension, but with a maximal subgroup that has 
infinite cohomological dimension. 

In exactly the same way we see that neither the property left-FP„, nor that of having finite cohomolig- 
ical dimension, is inherited by subsemigroups with finite Rees index (the Rees index of a subsemigroup 
T of a semigroup S is defined as the cardinality of the complement S\T). This answers negatively two 
further open problems that were posed in [491 Open Problem ll.l(i)]. 
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